Two integers a and b are congruent modulo a positive integer m if they give the same remainder when divided by m. This is written as 
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Another way to think about mods is that when you are counting in mod m, you start over after every m numbers. In mod 5, for example, you go 1, 2, 3, 4, 0, 1, 2, 3, 4, 0, etc., since 6 is congruent to 1 (mod 5), 7 is congruent to 2 (mod 5), and so on.

Notice that two integers that are congruent (mod m) are always a multiple of m apart. So if [image: image5.png]


, then you can write a=b+mk for some integer k.

Addition, subtraction, multiplication, and exponentiation work the same way in mod arithmetic as they do in normal arithmetic. So if [image: image6.png]


 and c is an integer, then we can say things like [image: image7.png]
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 (if c is positive).
Division does NOT work the same way. For example, [image: image12.png]


, but dividing both sides by 5 gives [image: image13.png]2 (mod 5)



, which is false. The way division works is that if [image: image14.png]ad = bd (mod m)
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 where (m,d) is the greatest common divisor of m and d. So [image: image16.png]
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Example problems

1. Prove the divisibility rule for 3 (a number is divisible by 3 if and only if the sum of its digits is divisible by 3).
2. Find the remainder when 252789 is divided by 13.
Exercises

1. Find the smallest positive integer that 320 is congruent to mod 7.

2. List the 3 smallest positive integers that are congruent to 5 mod 9.

3. List the 3 largest negative integers that 235 is congruent to mod 6.

Practice problems

1. How many integers are there between 50 and 250 inclusive which are congruent to 1 mod 7? (AoPS Vol. 1 Exercise 5-13)

2. For a certain natural number n, n2 gives a remainder of 4 when divided by 5, and n3 gives a remainder of 2 when divided by 5. What remainder does n give when divided by 5?
3. Prove that a number is divisible by 4 if and only if the last two digits, seen as a two-digit number, are divisible by 4. Prove that a number is divisible by 8 if and only if the last three digits, seen as a 3-digit number, are divisible by 8.

4. Prove the divisibility rule for 11: a number is divisible by 11 if and only if the alternating sum of its digits (i.e. first digit – second digit + third digit – fourth digit…etc.) is divisible by 11.

5. Find the smallest positive integer greater than one which yields a remainder of one when divided by any single digit positive integer greater than 1.
6. Find the smallest positive integer greater than one which when divided by 10 leaves a remainder of 9, when divided by 9 leaves a remainder of 8, by 8 leaves a remainder of 7, etc., down to where, when divided by 2, it leaves a remainder of 1.
7. Find the units digit of 1993.
8. If a set of markers is placed in rows of 4 each, there are 2 markers left over; if in rows of 5 each, there are 3 left over; and if in rows of 7 there are 5 left over. What is the smallest number of markers that the set could contain?
9. a. Prove that all perfect squares are congruent to 0 or 1 mod 3.

b. Prove that all perfect squares are congruent to 0, or 1 mod 4.

c. Prove that all perfect squares are congruent to 0, 1, or 4 mod 8.

d. Which digits among 0, 1,…, 9 cannot be the units digit of a perfect square?

10. Prove that it is impossible for three consecutive squares to sum to another perfect square. (Hint on bottom)

11. Let n be an integer. If the tens digit of n2 is 7, what is the units digit of n2? (Hint on bottom)
12. Denote by pk the kth prime number. Show that p1p2…pn+1 cannot be the perfect square of an integer.

10. Use part 9a   11. Use problems 3 and 9
