Selected Problems from the 2007 SCUHSMC
2. What is the largest number n<2007 which can be written as the sum of five consecutive perfect squares?

5. Points P, Q, and R are the vertices of an equilateral triangle, C is the circle circumscribing triangle PQR, and X is a point on the shorter arc of C with endpoints P and Q. If the length of the line segment XP is 4, and the length of segment XQ is 9, then what is the length of segment XR?

7. Find positive integers m and n with the following three properties: a) m<n. b) Neither m or n is a multiple of 10. c) (mn)/(m+3n)=10.

Binet’s formula for the Fibonacci sequence:

If F1=F2=1 and Fn+1=Fn+Fn-1 for n≥2, then Fn is equal to:

Can you prove these properties?
1. Fn+1Fn-1 = Fn2 – (-1)n
2. F1 + F2 + … + Fn = Fn+2 – 1

3. F12 + F22 + … + Fn2 = FnFn+1
4. F1 + F3 + … + F2n-1 = F2n
More challenging Fibonacci-related problems:
1. Seven line segments, with lengths no greater than 10 inches, and no shorter than 1 inch, are given. Show that one can choose three of them to represent the sides of a triangle. (Manhattan Mathematical Olympiad 2004)

2. A fair coin is to be tossed 10 times. Let i/j, in lowest terms, be the probability that heads never occur on consecutive tosses. Find i+j. (1990 AIME #9)

3. Determine the maximum value of m2+n2, where m and n are integers satisfying 1≤m≤1981, 1≤n≤1981, and (n2 – mn – m2)2 = 1.
